- B
| | CLASSIFICATION néwmﬁm CONFIDENTIAL

CENTRAL INTELLIGENCE AGENCY REPORT 50X1-HUM

INFORMATION FROM
FOREIGN DOCUMENTS OR RADIO BROADCASTS CD NO,

COUNTRY USSR " DATE OF
INFORMATION - 1947

SUBJECT Scientific - Engineering, automatic regulation s
HoW DATE DIST. /7 Oct 1950
PUBLISHED Bimonthly periodical } ]

WHERE ' '
PUBLISHED ™  Moscow - f NO. OF PAGES 10
DATE 7) q/ e/
PUBLISHED Feb 1947 ! /
SUPPLEMENT TO -
LANGUAGE Russian REPORT NO. . 50X1-HUM

THIS 1S UNEVALUATED INFORMATION

0' |“ CDN\‘IN\'I IN ANY MAKNIR 70 AN UMAUTHORIZED PERSON IS PRO: -
| HisITRD l' LAW, IIFIODUCYWN OF TNIS FORM IS PROHIBITED. .

SOURCE Avtomatika i Telemekhanika, No 1, 1947

CALCULATION OF NONLINEAR FUNCTIONS FROM CERTAIN VARTIABLES
IN STUDYING THE STABILITY OF AN AUTOMATIC REGULATION SYSTEM

M. A. Ayzerman

Dept Automatic Regulation

Inst Automatics and Telemech
Acad Sci USSR

ﬁ"igu:qes &e appendedj

This article analyzes those conditions necessary for the conver-
gence of automatic regulation processes, following given but not
"small" initial deflections. The method proposed earlier by the
author is extended to the case where the differential equations of
the process contain any number of nonlinear functions, some of them
in several variables.

Generalizing somewhat the terminology iutroduced in the author's preceding
work,, "Convergence of Processes of Automatic Regulation after Large Initial De-
flections," Avtomatika 1 Telemekhanike, 2 - 3, 1946, we shall consider hereafter
that the process of regulation undergoes a decrement in region L, if the equi-
librium stabilized by the regulator and upset &s a result of an initial distur-

; bance, characterized by any point ir region L, is re-established some time later
after cessation of the disturbing effsct. The regulation process undergoes &
decrement in L, if the equilibrium poaition stabilized by the regulator is asym-
ptotically stable and if all points ‘elonging to the given region L of initial
deflections also belong, for the mos: part, to the region of stability of this
equilibrium position.

Conditions sufficlient for a decrement of the system were determined by the
author in his above-mentioned work for the case where the equations describing
the regulation process contain one nonlinear function in one variable, i.e.,
reducing to the form:
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. j=n
7C’=2 a“j' SCJ',
7=1

vhere a3J and aij are constents, (some of which are zero), k is any number 1,
2, ..., n, and 1 is any number 2, 3, ... B.

X, = D, ay Zy4F (k)

The generalization of the criteria fourd in author's above-mentioned work
for the case where the ‘system of equations describing the process contalns sev-
eral nonlinear functions ,-each in one variasble, is not difficult. .

The gene.faliza.ti,on of .the same .criteris for the case vhere the equations
of the process contaein any number of noplinear functions, including also. func-
tions in Beveral variwcles, is the object of the present report. (Since the

i present report is a continuation of his above-menticned work, the author has
' refrained from duplicating'here a gurvey of the preceding worke pertaining to
the game problem of eutomatic regulation.) B

Generallzation of Criterion 1

Let us aesume that the process of regulation is described by any system of
equations:
x-izF—i(x{’IZc'“’x”)' i=/,2;-..,7‘b (1)
where Fj are assigned functions of all or some of the specified veriables; X1,
Xp, oevy "Xy are increments of the generalized coordinates and velocitles, reck-
oned from their equilibrium values in a regulated equilibrium position in such

a way that the origin of the coordinates of the system's phase space (1) -
(x1 =%p = ... = 0) corresponds to this equilibrium and therefore Fi (0,...,0)=0.

Let us simultaneously examine with equations (1) the linear equations

=7
7.Ci=£ GifXjs i=7,2,...,n
g=1 .

vhere ajj are constants (some of which are zero) .

(2)

Concerning the system of equations (2) we shall assume only that it satis-
fies Routh-Burwitz' criteria. ~Othervise, the coefficients ajj may be selected
arbitrarily and this arbitrariness may be utilized in a pra.ctica.l application of
the method given below. (Thus the relationships (2) need not be equations of
wemall fluctuations" relative to system (1).)

The considerations which permit us to generalize. our criterion I are correct
generalizations of the considerations brought ‘forth during the proving of this
criterion, as shown in the preceding work of the author.

Let us arbitrarily take the quadratic form
U ey b=n
A= Axin; XiXp?
%% (3)

J=7 rld
making the constant coefficients Alﬁksuch that form (3) will be definitely nega-
tive.

Let us take & second quadratic form
k=n i=p

E V=3 3, Brimy i Fb () &

k=1 1=7
and determine its coefficients Byz, from the equations which we will obtain by
: equating the coefficients having similar terms in the relationship .
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i=n  R=n s .
dY o . .
U=z ° ZW 2_7 Az, 7, %s Xp= Z__ FETIR (5')

where ’.‘1 jg taken in accordance with equations (2).

The phase curves of system (2) intersect any of the ellipsoids of the series
v=R (R is any nonnegative number) only from the outside inward, since on the
strength of (5) we have &V -_Uy and Up= everywhere negative.

at

Let us examine now the system' of equations °

=n '

I.,"': (a'lj"f'a'i‘;)nj’ f=1,2,...,7
= (6)

vhere a4 has the same values as in {2) and ‘5'13 are numbers determined below.

Retaining in (4) the above-found values of coefficients Bxyx,, we shall
f£ind the derivative

-' ‘ dY imﬁ'_‘f. % '
dt g dn Y (1)

. . Z
taking the values xj from system (6)

Then equation (7) will establish the derivative Y o5 a quadratic form re- 1
! lative to variables xl,'x.a, eoos Xpo Coefficients of this form (let us desig- :
nate them Sxyxp) will depend on &ij, and the inegualities which have to be satis-
fied in order that the quadratic form (7) be definitely negative will bring con-
ditions which in this case must be satisfied by & 3t

%

ANV -4 il 3 . v

27 ’\.a’L]'(afsz [’91—-:-7'2,...,}7, (8)
y},lere the quaptities Va'f_ 3 and Efj‘ are well defined (It is essential only that
a1y =0 should satisfy inequalities (8).) by the coefficients a4y and AxiXy,
which may be selected arbitrarily, limited only by the gbove-indicated condi-
tions. . ’

System (6), together with inequelities (8), defines the set of linear equa- -
tions whose phase curves intersect any of the ellipsoids of the system V=R
only from the outside inward. ' ' :

Let us now substitute in the derivative

Z:
. Jt s oag

=7 .
valueg Xi determined by the examined system (1). Tt is not difficult to.notice

that = continues to remain negative at any point in the phase space, if the

quantities &;; satisfying the inequality can be so selected (8) that at this
point the vallle of any of the nonlinear functions.Fy (X1, Xp, <« Xn) coincide

with the values of the correspohding linear function
. e h ;

2, (@154 cij) g+ -
We shall select from among the ellipsoids of the series V= R any ellipsoid
V=R;, and name the serles of points inside this region as "reglon R."

If all Fy(x3,Xp, «eos x,) of the investigated nonlinear system are such that,
for any point X35, X2qs +-°» Xno of region Rl of the phase spar=, it is possible
to f£ind, emong the quaubitles a5 j satisfying inequalities (8), such values (perhaps
for each of its points) that : )
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: - F, (r,o.zz,,v---’xn,)jz’ (i +8ig)Xjs §=1,2,...,n

9
then the derivative % throughout the region R, expressed by system (1) is defi-
nitely negaitive and the curves of system (1) intersect the set of ellipsoids
V==R only from outside inward, converging toward: the origin of the coordinates
and, consequently, system (1) in this case undergoes a decrement in region Ry

Generaliring the considerations somewhat, we can put the result obtained
in the form of the following generalized criterion I:

If it is possible for a linear system of differential equations with con-
stant coefficients (2) to construct a definitely positive Lyapunov /Liapounoff]
funct.on V (the term "Lyapunov function" is here understood to be in the re-’
stricted meaning indicated in the author's above-mentioned work, and not in the
broader sense in which it is usually understood in this connection) whose deriv-
ative IV expressed by system (2) will be a definitely negative function for any

values of ayj satisfying the inequalities
GiftL Gig XX, L j=1,2, e, n

then, for the nonlinear system (1) to undergo & decrement in any region V=R;

of the phase space, it will be.sufficlent. This is true, if, for every point of

this region, it is possible to select guch values .of a4 satisfying the indicated
inequalities, at which the value of = a3 jxj coincides -

=

with the value of Fy(x1, Xp, ..., Xp).

.

Numerical Example
1. Formulation of Example

Taking into account the nonlinearity of the characteristics of the
engine and disregarding the nonlinearity of the characteristics of the regula-
tor, the object of this example is tc determine those conditions, for the in-
stallation described below consisting of a high-speed Diesel engine with direct
speed regulation, which are sufficlent to cause convergence of the regulation
process after any initial deviation produced by e momentary change in the engine
speed of not more than 100 rpm and a displacement of the regulator coupling of
not more than 3 mm. (Similar initial deflections can be caused by short-duration
load changes.) The initial speed of the coupling is equal to zero.

2. Description of Installation and Equation

The high-speed Diesel engine is utilized for fixed operation at n=1,200
rpm, ~ A resistance-load torque-moment is applied to the engine which in effect
does not vary during momentary changes in engine speed and is equael to 16 kgem
of torque. v

Figures 1 and'2 show two variants of engine characteristics. Each
curve determines the variation in torque-moment AMg (computed from equilibrium
MS =16 kg-w) in the rpm range -300 to~+300 rpm (Computed from equilibrium . ;
ng=%1,200 rpm) ond with an unchanging {but different) position of the coupling
of the regulator, which is disconnected from the engine.

tirietd i

. The moment of inertia I, of all the engine's rotating and forward mov-
ing masses, brought out in its f%ywheel, equals 0,24 kg.m?, .
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The equation of iction of the éngine'has the form
30
| . x=31,AMs ;
| %=39.9 F (%, y), f

where F(x,y) is a function defined by the family of curves shown in Figure 3,
first variant of the engine, and in Figure 4, second variant of the engine,
obtained from Figures 1 and 2 by changing the scale of the ordinate axis 39.9
times.

A centrifugel regulator of comstruction NATI (Figure 5) is used in
the capacity of a direct-action regulator. The parameters of the regulator are
such (all data on NATI regulator were submitted to the author by Prof G. G.
Kalish) that the equstion of the regulator has the form .

100§+ 6872y — 1046 % ™m0

In these equations and also in Figures 1, 2, 3, k: x==An are the
deviations (‘1ncrement-decrement) in the engine's rotation computed from equi~
1ibrium center 1,200 rpm (x> O if the rotations increase); y is the displace-
ment of the regulator coupling, computed from the equilibrium position cor-
responding to engine.operation at 1,200 rpm. '

Thus, the process of regulation is described by the equations
3::=.?7. 7F(x,y),
y=2§& (10)

Ewm—100E— 6872y +104, 6% {4)
' In the ‘phage space with coordinates X, y, § , the region of initial de-
viations is given by the rectangie—100<x <4100, -3<y<}3 lying' in the plane

=0,

Determination of Conditions for a Decrement of the System

We shall take as & linear approximation of equations (10)
I=dz—by,
= £, (11)
E= — 700 f—E872y T 109.6% »
placing a== @ and b=50 and taking into consideration the course of the curves
in Figures 3 and k4.

.

This system is similar to system (21) of author's above-mentioned work, for
which the set of ellipsoids of interest to us was constructed to intersect the
curves of the linesr system only from the outside inward. '

In our cese, Na==0, b=750, h=100, c= 6,872 and k== 104.6. Repeating
the computations'carried out in that work, but taking into account these values
for the coefficients and setting Up in the form Uy= —A(x2+ y2+§ 2) for the:
equation of the set of ellipsoids

\_.-__/, P | 0D ) D
V=5(8ex2+By 5248t — (Bey 5+ Brs X+ Byg y E)=R, (
we easlly determine the following values for the coefficients: '

12)

By = 13554, By=70.74A, Bg= 0.010146 A }

Bz;y =20’8A, &g-—_‘aﬂﬂ?‘/‘, y§=—0-0/48A (13)
- 5 -
CONF@ENTIAL

CONFIDERTIAL

: CIA-RDP80-00809A000600350444-0 7

| Sanitized Copy Approved for Release 2011/09/14




et R e P

e B L P N )J- oA i -_l'. e Coa .7]‘.‘... A ¢ A S B

prov 11/09/14 : CIA-RDP80-00809A000600350444-0
. | =

CONFIDERTIAL

CONFIDENTIAL

Sanitied C p

let us now examine equations

% — N —(50-b)y, }

g =
F=_ro0f— 872y~ 1046 %
and determine the derivative

dY _ dV 4 oY s 1oV &
TE 5% x+'§y‘ 9‘*"95;5" |

X

(1)

using the values 5:, }", andl-; from system (1%).
For this derivative, the quadratic form Ug =
¢ (.21 €& 20 p2d 5G L : , .
Us=— (Sx v—i—..Sggtu.ﬂ-SE; T 25xb,xy-\‘}i—-23,c§x§:}fasyg_yg’),,« a5 .
is employed with coefficients equal to ’

Se=A(141.355 Nd) .$3=A(7—2_o/52), 56’—"4:)
& NZ

5x3=§'—'i,3553"—2.:77&/;/5), 5x£=—--r$(?,(}? Ny (16)
i Raener
Sys 5 0.0096 5.

The quadratic form (15) is definitely negative if
and/ SE>0, SxSp—Sxg>0
5):5:7 55 ‘f“QSxy ng Sy —Sx '5325—'53 5:; — Sg Siy>0>
On the strength of (16), these inmequalities are satisfied if
' (147 355 N&)—0.0096* Va2 >0
amit
4.072NG2 4 (5475 —5.42)Na +(1.33652 + 8 0725—4)<0-
It is easily demonstrated that any §E end B satisfy these inequalities, if

—02LK Na.g 03
—4<E <K 036

To determine whether th: conditions for the above-proved criteria are ful-
filled, we mus. now compare, passing over to equatlons (10), thke nonlinear func-
tion F = 39.9F (x,y) given by the series of curves in Figure 3 (or in Figure 4)
with the lincar function

(17)

ﬁ F=-N&x-(s50+bly
¥
%ﬁ Tt 18 necessary to establish for which values of x and ¥y it is possible to
&i?g select Ha and B satisfying the inequalities (17) in such a way that
* 39.9 F (x,y)= —Néx— (50 4-D)y.

With this purpose in mind, a family of straight lines F=‘a.ix—-50.36y
and F==gajx— U6y vere drawn, (in Figure 6 .for Pirst variant of the engine and
in Figure T for the second variant) where .

aX=03, If xy<0 ard af=—ga [f xy >0,
6¥=0.3, if xy>0 and af=—02 if xy <0,

-6 -
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and y was given all those values, in turn, for which the curves illustrated in
Figures 2 and 3 were drawn (these values are y=-—3,—2,—1, 0, 1, 2, 3).

Thus, éach of the indicated values for y corresponds, on the one hand, to
& speaific curve in Figure 2 (or in Figure 3) and, on the other hand, to'a
region limited by four segments of straight lines (for case y==0 with two straight
lines), shown in Figure 6 (or in Figure T).

One of these regions (g:orresponding to y=—3) is cross-hatched in Figure 6
and 7. (the number of these regions to be constructed is the same as the numbler
of curves assigned to the nonlinear function F (x,y) being considered)

Conditions for our criterion are fulfilled in this case if all the curves
assigned to function F (x,y) do not emerge beyond the limits of the regioms con-
structed for them in this manner. ’

Solution of Example

From Figure 6, it follows that in regulating an engine whose characteristics
are shown in Figurs 2, the conditions for our criterion are fulfilled and the
process of regulation converges after any initial deflection whetever they might
be (within limits, determined by the range of fixed characteristics).

In regulating an engine whose characteristics are shown in Figure 3, the
conditions of our criterion, in accordance with Figure 7, are fulfilled only for

x >—400,

Let us separate from among the ellipsoids (12), with values B determined .by
equations (13) that ellipsoid related to plane x==--200 = const, and let us cut

this ellipsold by the plane &'= 0,
In the cross section there appears an ellipse

0.6775x2 4 35.37y°— 2.018xy = 27795.8.

The region of initial deflections, assigned by the conditions of the example
—1oo<x <1700
-8 <y<+3

lies entirely within this ellipse. Accordingly, the tested regulation process
described by equations (10) converges after any initial deflection satisfying
the given conditions (18). .

(18)

Stating a New Problem

The reglon through which the nonlinear characteristics cen pass arbitrarily
without violating the conditions necessary for a decrement of the system becomes
more extensive, the stronger the inequalities in the values of é"i * and ay e
entering (8). It is natural, therefore, to explain the limiting values for these
quantities. At the same time, it is no longer necessary to connect them with the
proved criterion and to require that system (6) use the same Lyapunov function
for any a,, satisfying the equalities (8). It is essential only thet system (1)
should nn& rgo & decrement in the entire space, if ay 3 can be selected for any
point in such a way that the values in the right sida“of equations (1) amd (6)
coincide. ™~ ' o

Let system (2) satisfy Routh-Buxrwitz' criterion for any 8445 if only

-~
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bgfj<a«;j<b’§;. Lfi=12,. 0> 1
and does not satisfy it, if &gy < b';'j - Eoregy >y & however small the
positive numbér & may be. ’ - ’ :

Is it at all possible to widen the-band betwgen ﬁd and aﬁ up to the
hs :

1imits of Routh-Eurwitz; i.e., up to the values Dy4 & "{‘5 2

Ve shall limit ourselves i:>re merely %o the statemens of this interesting
problem, whose soluilon would not only simplify considerably the ebove-atated
method, but also would develop fundamentally the basis of linsar methods, which
the author considers the most important result of the present work.

[ppended figures follow:/
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